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Abstract. Given a knot in S3, one can associate to it a surface
diffeomorphism in two different ways. First, an arbitrary knot in
S3 can be represented by braids, which can be thought of as dif-
feomorphisms of punctured disks. Second, if the knot is fibered
– that is, if its complement fibers over S1 – one can consider the
monodromy of the fibration. One can ask to what extent proper-
ties of these surface diffeomorphisms dictate topological properties
of the corresponding knot. In this article we collect observations,
conjectures, and questions addressing this, from both the braid
perspective and the fibered knot perspective. We particularly fo-
cus on exploring whether properties of the surface diffeomorphisms
relate to four-dimensional topological properties of knots such as
the slice genus.
1. Introduction
In this article, we will discuss a number of results, observations
and questions concerning the relation between topological properties
of knots and certain surface diffeomorphisms associated to these knots.
The relevant surface diffeomorphisms arise in two ways.
(1) For a fibered knot K ⊂ S3, we consider the fibration of the
knot complement S3 \ K over S1. The fiber surface and the
monodromy of this fibration are uniquely determined by K (see
[EN85, p.34], [Sav12, Corollary 8.3]).
(2) An arbitrary knot in S3 can be (non-uniquely) represented as
a braid closure, and we can study the corresponding braid
monodromy. Recall that Artin’s braid group Bn on n-strands
[Art25] is the mapping class group of an n-punctured disc Dn.
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Working from these different perspectives, we will explore how the
fiber monodromy or braid monodromy is related to invariants of the
underlying knot, such as the Seifert genus g3(K) and the slice genus
g4(K). As usual, g3(K) is the smallest genus of a Seifert surface the
knot K bounds in the 3-sphere, and g4(K) is the smallest genus of
a smooth oriented embedded surface that the knot K bounds in the
4-ball.
Intuitively, the more full twists that a braid β contains, the more
complicated its closure β̂ = K is. Let ∆2 = (σ1 . . . σn−1)n denote a
full twist on n strands. We expect the braid closure’s genus g3(K) and
slice genus g4(K) to grow larger as more full twists are added to the
braid. This idea is made precise in the following proposition.
Proposition 1.1. Let β ∈ Bm be a braid, and let Kn be the closure
of the braid β∆2n. When n becomes large, g3(Kn) and g4(Kn) grow
roughly as 1
2
nm2.
Proposition 1.1 gives us an asymptotic understanding of the behavior
of the genus and slice genus as full twists are added. As for non-
asymptotic behavior, for braids of three or more strands, we use Sato’s
work [Sat18] to show concatenating full twists to a braid will change
the concordance class of its closure.
Proposition 1.2. Let β ∈ Bm be a braid, m ≥ 3, and βk = β∆2k,
k ∈ Z, k > 0. Then all braid closures β̂, β̂k, k > 0 lie in pairwise
distinct concordance classes.
We now focus on the boundary twisting of the monodromies. The
amount of boundary twisting is quantified by the fractional Dehn twist
coefficient, defined in Section 2.2. The idea of the fractional Dehn
twist coefficient, or FDTC, first appeared in [GO89] in the context
of essential laminations. In the context of open books and contact
topology, it was developed and applied in [HKM07], [HKM08], and
explored further by many authors, [BE13, KR13, IK17, HM18]. For
classical braids, a similar notion (via a somewhat different approach)
was studied in [Mal04]. The fractional Dehn twist coefficient was also
studied from the braid- and knot-theoretic perspective in [Pla18, FH19,
EVHM15] among others. A generalization of the fractional Dehn twist
coefficient to the case of braids in arbitrary open books, and a detailed
proof that different definitions are equivalent, is given in [IK19].
Notation 1.3. We will use notation FT (K) for the fractional Dehn
twist coefficient of the fibered monodromy for a fibered knot K in S3.
We use BT (β) for the fractional Dehn twist coefficient of a braid mon-
odromy.
We will explore how the fractional Dehn twist coefficient of the braid
monodromy is related to invariants of the underlying knot, such as the
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Seifert genus g3(K) and the slice genus g4(K). Given a braid represen-
tative β whose closure is a knot K = β̂, we seek lower bounds for the
genus g3(K) and the slice genus g4(K) in terms of the fractional Dehn
twist coefficient BT (β).
In [Ito11] Ito used braid foliations to give a bound for the genus of
a knot K in terms of the fractional Dehn twist coefficient BT (β) of its
braid representative β. See Theorem 2.8 for a more precise statement.
Ito’s theorem serves as motivation for our work.
Theorem 1.4 ([Ito11]). Let β be a braid whose closure is isotopic to
a knot K ⊂ S3. Then
|BT (β)| ≤ g3(K) + 2.
For quasipositive braids, we provide a new upper bound on BT (β)
in terms of the slice genus in the following theorem.
Theorem 1.5. Let n ≥ 3. Let β ∈ Bn be a quasipositive n-braid whose
braid closure βˆ is a knot then
BT (β) ≤ 2g4(βˆ) + (n− 2).
The upper bound on BT (β) is sharp by Corollary 4.8, which con-
structs slice knots (g4(K) = 0) represented by quasipositive n-braids β
with BT (β) = n− 2.
The analogue of Ito’s Theorem 1.4 with genus g3(K) replaced by
slice genus g4(K) does not hold by Corollary 4.8 and Proposition 5.1.
Notably, the non-quasipositive knots of Proposition 5.1 satisfy the same
inequality as Theorem 1.5, leading us to ask whether such a bound
holds in general.
Question 1.6. For any n-strand β representing a knot K, is it always
true that
|BT (β)| ≤ 2g4(K) + n− 2?
If not, is there a bound of the order
|BT (β)| ≤ C(n)g4(K) +D(n),
where C(n), D(n) are constant for each fixed n?
As evidence towards a positive answer to Question 1.6, for 3-braids
representing knots of finite order in the concordance group, we provide
an upper bound on BT (β) in the following theorem.
Theorem 1.7. Let K be a knot that can be represented as the closure
of a braid in B3. Suppose further that K is slice, or more generally,
that K has a finite order in the concordance group. Then any 3-braid
representative β of K satisfies |BT (β)| ≤ 1.
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The proof of Theorem 1.7 relies on Murasugi’s classification of three-
braids [Mur74] and work of Baldwin [Bal08] and is given in Section 6.
Section 6 concludes with a discussion on computational evidence for
the bounds in Question 1.6.
One might hope to use the Ozsva´th-Szabo τ -invariant [OS03] or the
Rasmussen s-invariant [Ras10] to construct an upper bound on the
fractional Dehn twist coefficient BT of a braid. We show that this idea
fails in Proposition 1.8, by constructing a family of braids with small
τ -invariant and small s-invariant but large BT .
Proposition 1.8. Let β = (∆2)kσ−11 σ
−(6k−1)
2 in B3. Then βˆ is a knot,
BT (β) ≥ k − 1, |τ(βˆ)| ≤ 1 and |s(βˆ)| ≤ 2.
It is important to note that BT (β) is very sensitive to braid stabi-
lizations. Recall that the positive braid stabilization of β ∈ Bn is the
braid β+ = βσn ∈ Bn+1, and the negative stabilization is the braid
β− = βσ−1n ∈ Bn+1. The braid closures of β, β+ and β− are all isotopic
to the same link. Proposition 4.10 shows that stabilized braid represen-
tatives have fractional Dehn twist coefficient BT (β+) and BT (β−) that
are bounded between −1 and 1. Thus, a stabilized braid representative
for a knot K will not provide a useful lower bound for the genus g3(K)
or slice genus g4(K). To our knowledge it is an open question how
to determine which braid representative has largest possible fractional
Dehn twist coefficient.
Finally, we explore the relationship between the fractional Dehn twist
coefficient FT (K) of a fibered knot K and other topological invariants
of K, including its knot Floer stable equivalence class in Section 7 and
slice genus in Section 8.
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2. Background on fractional Dehn twist coefficient and
braids
We begin with background on the braid group and the fractional
Dehn twist coefficient and collect some previous results that inspired
our work.
2.1. The braid group. Recall that Artin’s braid group Bn on n-
strands [Art25] is the mapping class group of an n-punctured disc Dn.
It admits the presentation
Bn =
〈
σ1, . . . , σn−1
∣∣∣∣∣ σiσj = σjσi : |i− j| ≥ 2σiσi+1σi = σi+1σiσi+1 : 1 ≤ i ≤ n− 2
〉
.
The σi’s are usually referred to as the standard or Artin generators of
Bn. A n-braid β is an element of Bn. The braid β can be considered
as a proper embedding of n strands in D2 × I, so that each generator
σi corresponds to a positive half-twist between the i-th and (i + 1)-th
strands. When D2 × {0} is glued to D2 × {1} by the identity map,
we obtain a link in D2 × S1 ⊂ S3 called the closure of β, denoted βˆ.
A classical theorem of Alexander [Ale23] allows to reverse this process
(although not uniquely): every knot or link in S3 can be represented
as a closed braid. The braid index of a link is the minimum number n
such that there exists an n-braid β whose closure represents the given
link.
Thus, a classical braid can be considered from several viewpoints: 1)
a braid is a “word” in standard generators σi of the braid group Bn;
2) the braid closure is a knot or link that can be studied by means
of classical knot theory and by modern knot-homological invariants
(such as knot Floer homology and Khovanov homology); 3) the braid
monodromy action shows how the braid twists, and is related to ideas
from geometry and dynamics of surface diffeomorphisms. There are
many excellent resources for learning more about braids; for instance,
see [BB05], [Bir16], and [EVHM15].
2.2. Fractional Dehn twist coefficient. The amount of boundary
twisting of a surface diffeomorphism is quantified by the fractional Dehn
twist coefficient (FDTC), defined geometrically as follows. Let S be
a compact oriented surface with connected boundary and χ(S) < 0,
and φ : S → S a homeomorphism fixing the boundary ∂S pointwise.
Using the Nielsen-Thurston classification, we can find a free isotopy
Φ : S × [0, 1]→ S connecting φ to its Nielsen-Thurston representative,
so that Φ0 = φ and Φ1 is either periodic, reducible, or pseudo-Anosov.
(Note that Φ1 no longer fixes the boundary of S.) The fractional Dehn
twist coefficient FT (φ) is defined as the winding number of the arc
Φ(p × [0, 1]) for a chosen basepoint p ∈ ∂S. It can be shown that
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FT (φ) depends only on the isotopy class of φ rel boundary, and is
independent of the choice of basepoint p and isotopy Φ. Moreover,
FT (φ) is always a rational number. Although we primarily focus on
knots in S3, one could also consider the FDTC for fibered knots in
an arbitrary closed oriented 3-manifold Y (and for corresponding open
books on Y ).
The FDTC of a braid is defined by considering the braid monodromy
as a boundary-fixing homeomorphism of the punctured disk, and tak-
ing the FDTC at the boundary of the disk. For surfaces with multiple
boundary components, the FDTC can be defined for each component
(the corresponding number measures twisting around the given com-
ponent).
For a fibered knot K in S3, there are different monodromies to con-
sider: the monodromy of the fibration S3 \ K → S1 as well as the
monodromy of a braid representative β of K. These monodromies live
on different surfaces and have very different fractional Dehn twist co-
efficients. In particular, the FDTC of the fibration is fixed, while the
FDTC of the braid monodromy depends on the choice of the braid
representative. As in Notation 1.3 we will use notation FT (K) for the
FDTC of the fibration monodromy and BT (β) for the FDTC of the
braid monodromy. An example of how these two values can be different
comes from the torus knots Tp,q. Since these are fibered in S
3, by work
of Gabai and Kazez-Roberts, |FT (Tp,q)| ≤ 12 (see Theorem 2.4 below).
However, a braid representative of Tp,q is the word βp,q = (σ1 · · ·σp−1)q
in Bp, and |BT (βp,q)| = qp , which may be a large quantity. In general,
the quantity BT (β) can also be defined more algebraically, using braid
orderings and Dehornoy’s floor function, see Section 2.3.
We collect a few useful properties of the FDTC in the next proposi-
tion. Let t∂ denote the positive Dehn twist about a boundary-parallel
curve.
Proposition 2.1 ([Mal04, IK17]). For any two boundary-fixing home-
omorphisms φ, ψ of S, we have
a) (Quasimorphism) |FT (φψ)− FT (φ)− FT (ψ)| ≤ 1.
b) (Homogeneity) FT (φn) = nFT (φ).
c) (Behaviour under full twists) FT (t∂φ) = FT (φ) + 1.
d) (Conjugacy invariant) FT (φ) = FT (ψφψ−1).
All of the above properties also hold for braids and their fractional
Dehn twist coeficients BT . Additionally, if β ∈ Bn is an n-braid, we
have BT (β) ∈ {p
q
, where p, q ∈ Z, 1 ≤ q ≤ n }.
A related notion is that of a right-veering surface homeomorphism.
As above, let S be a compact oriented surface with connected boundary,
and φ : S → S a homeomorphism fixing the boundary ∂S pointwise.
BRAIDS, FIBERED KNOTS, AND CONCORDANCE QUESTIONS 7
Let α, β : [0, 1] → S be arbitrary properly embedded oriented arcs
with α(0) = β(0) = x ∈ ∂S. Isotope α and β so that they intersect
transversely with the fewest possible number of intersections. We say
that β is to the right of α if either (β˙(0), α˙(0)) define the orientation
of S at x or β = α. We now can define right-veering: we say φ is right-
veering if for any choice of base point x ∈ ∂S and properly embedded
oriented arc α starting at x, φ(α) is to the right of α. In a similar
way, one defines left-veering maps. The maps that do not satisfy the
corresponding properties are called non-right-veering resp. non-left-
veering. Note that the identity map is both right-veering and left-
veering (and this is the only isotopy class with both properties.)
Very roughly, one can think of the fractional Dehn twist coefficient as
being a measurement of “how right-veering” a surface homeomorphism
is. Indeed, the FDTC of φ is greater than zero if and only if φ is
right-veering: see [HKM07, KR13]. This gives a way to estimate the
FDTCs:
Proposition 2.2. [KR13, Corollary 2.6] (1) If α is a properly embed-
ded oriented arc starting on ∂S, then φ(α) to the right of α implies
FT (φ) ≥ 0, and φ(α) to the left of α implies FT (φ) ≤ 0.
(2) If β is a braid with a braid word where a generator σi enters with
positive exponents only, then BT (β) ≥ 0. If there is a braid word
for β where a generator σj enters with negative exponents only, then
BT (β) ≤ 0.
Part 2 of Proposition 2.2 follows by finding corresponding arcs: after
a conjugacy, we can assume that σ1 enters with positive exponents
only; then the obvious arc connecting the boundary of the disk to the
first puncture is moved strictly to the right of itself. See also [Mal04,
Corollary 5.5, Proposition 13.1] for related statements and alternate
proofs for braids.
Proposition 2.2 gives an easy way to show that FT (φ) = 0 by finding
two arcs, one moved to the right by φ and the other moved to the
left. Similarly, BT (β) = 0 if we can find a braid word for β where
one generator enters with positive exponents only, and the other with
negative exponents only.
The right-veering property plays an important role in 3-dimensional
contact topology: a contact structure is tight if and only if the mon-
odromy of each compatible open book is right-veering [HKM07]. More-
over, a contact structure supported by an open book with connected
boundary and pseudo-Anosov monodromy with FT ≥ 1 is isotopic
to a perturbation of a taut foliation, and therefore is weakly sym-
plectically fillable and has non-vanishing Heegaard Floer contact in-
variant (with twisted coefficients) [HKM08]. For planar open books,
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the condition FT > 1 for every boundary component implies tight-
ness of the supported contact structure [IK15]. In a similar vein,
transverse braids in the standard contact S3 must be right-veering if
their Floer- or Khovanov-homological transverse invariants are non-
zero [BG15, BVVV13, Pla06, Pla18], and braids with BT > 1 have
non-vanishing transverse hat-invariant in knot Floer homology [Pla18].
A number of existing results connect the FDTC to knot invariants
and topology of 3-manifolds. Gabai proved the following result con-
cerning the genus of fibered knots with pseudo-Anosov monodromy:
Theorem 2.3 ([Gab97]). Let K ⊂ S3 be a fibered knot. Suppose
that its monodromy is either pseudo-Anosov or reducible with pseudo-
Anosov near the boundary. Then either FT (K) = 0 or FT (K) = 1/r,
where 2 ≤ |r| ≤ 4(g(K))− 2.
Kazez and Roberts in Corollary 4.3 of [KR13] determined the possi-
ble FT values for the periodic case and reducible case with the mon-
odromy periodic near the boundary. Putting together Theorem 2.3
with their work yields a very strict bound on the values of FT for
fibered knots in S3:
Theorem 2.4 ([KR13, Theorem 4.5], [Gab97]). Let K ⊂ S3 be a
fibered knot. Then FT (K) = 0 or FT (K) = 1/n, where n is an integer,
|n| ≥ 2. In particular, −1
2
≤ FT (K) ≤ 1
2
.
In a different direction, Hedden and Mark [HM18] found an priori
bound on the value of FT for any fibered knot in a fixed 3-manifold Y in
terms of the dimension of the Heegaard Floer homology with F = Z/2
coefficients and the size of the torsion in singular first homology. As a
corollary, they get a bound for the FDTC of classical braids, via open
books on the branched double cover.
Theorem 2.5 ([HM18]). Let Y be a closed oriented 3-manifold. Then
for any fibered knot K in Y with monodromy φ, the FDTC satisfies
FT (φ) ≤ 1
2
(dimF ĤF (Y )− |TorH1(Y ;Z)|).
Corollary 2.6 ([HM18]). Let β be an odd-strand braid representative
of K ⊂ S3, and let Σ(K) denote the double-branched cover of K. Then
|BT (β)| ≤ | dimF ĤF (Σ(K))− rkH1(Σ(K))|+ 2.
Further, Hedden and Mark use the relation between the Khovanov
homology of a link and the Heegaard Floer homology of its branched
double cover to prove a bound on BT in terms of the rank of reduced
Khovanov homology K˜h:
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Theorem 2.7 ([HM18]). Let L be a link in S3, and let β be any braid
representative of L with an odd number of strands. Then
BT (β) ≤ dimF K˜h(−L)− | det(L)|+ 2.
2.3. Dehornoy’s braid ordering. We will now describe another, more
algebraic, approach to the fractional Dehn coefficient for braids, based
on Dehornoy’s braid ordering. The braid group Bm is known to be or-
derable, namely, there exists a left-invariant linear order on Bm, so that
if β2  β1, then γβ2  γβ1 for any γ ∈ Bm. An ordering can be defined
by considering the action of the braid monodromy β ∈ Map(D,Q) on
the on the “standard” punctured disk D, with the set of punctures Q
on the y-axis, labeled Q = {p1, p2, . . . pm} from bottom to top. (See
Figure 1 in Section 4.) Roughly, β2  β1 iff β2 twists the y-axis more
to the right than β1. These ideas can be traced back to W. Thurston
and can be extended to obtain many different orderings (known as
Nielsen–Thurston orderings).
Dehornoy [Deh94] defined an ordering on Bm from an algebraic per-
spective. The algebraic definition is equivalent to the geometric one
described above. We say that β  1 iff the braid β admits a braid
word that contains the generator σi but no σ
−1
i and no σj for j < i.
(A word of this form is called σi-positive, which has the following geo-
metric interpretation. Suppose we apply a σi-positive word β to the
punctured disk and pull the image of the y-axis taut while fixing the
punctures. Then the image of the y-axis under β will first diverge from
y-axis at a point between the (i− 1)’st and i’th punctures and at this
point, the image will go to the right of the y-axis.) Then, for β, β′ ∈ Bm
we define β  β′ if (β′)−1β  1. From the algebraic perspective, check-
ing the basic properties of the ordering is highly non-trivial; from the
geometric perspective, it is not hard to see that we get a well-defined
linear order, [FGR+99]. The algebraic approach becomes useful if one
wants to study combinatorial braid invariants. For example, it follows
from [FGR+99] that a non-right-veering braid is conjugate to a braid
with a braid word where a generator σi enters with negative exponents
only (compare with Proposition 2.2). The specific property of the braid
word allows to relate geometry and combinatorics; this approach was
used in [BG15, Pla18].
Let ∆ = (σ1σ2 . . . σn−1)(σ1σ2 . . . σn−2) . . . (σ1σ2)(σ1) ∈ Bn be the
Garside fundamental braid. Observe that ∆2 = (σ1 . . . σn−1)n is a full
twist on n strands.
Using orderings, one defines the Dehornoy’s floor [β]D = n of a braid
β ∈ Bm as an integer n such that ∆2n+2  β  ∆2n. The Dehornoy
floor is related to the FDTC as follows [Mal04]:
(2.1) [β]D + 1 ≥ BT (β) ≥ [β]D and BT (β) = lim
n→∞
[βn]D
n
.
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In other words, the FDTC can be thought of as “homogenization” of
the Dehornoy floor, where one averages over large iterates of the braid.
It is important to note that while BT is an invariant of the conjugacy
class of the braid, the Dehornoy floor is not.
The following theorem of Ito [Ito11] serves as motivation for our
work.
Theorem 2.8 ([Ito11]). If K is represented by an n-strand braid β,
then
|[β]D| < 4g(K)− 2
n+ 2
+
3
2
≤ g(K) + 1.
Note that Ito uses a slightly different definition of the Dehornoy
floor, so that his formulas in [Ito11] do not have the absolute value.
Ito’s proof uses braid foliation techniques. It would be interesting to
establish a similar bound via knot homologies.
3. Concordance invariants and genus bounds
In the last two decades, a number of knot-homological invariants
were introduced to study knot concordance and give bounds for the
slice genus. It would be interesting to find relations between these
invariants and the FDTC of fibered knots or braids. We briefly review
the invariants that we need.
A number of invariants come from knot Floer homology, introduced
independently by Ozsva´th and Szabo´ in [OS03] and by Rasmussen
in [Ras03]. See also [Man16] for a survey. For the simplest version,
they associate a Z-filtered chain complex ĈFK(K) to a knot K. This
chain complex is a powerful knot invariant; in particular, it detects
the Seifert genus g3(K) [OS04] and fiberedness [Ghi08],[Ni07]. Total
homology of this chain complex is of rank 1. The minimum filtration
level in which the homology is supported yields an integer τ , which is
a concordance invariant, [OS03]. A concordance invariant s(K) with
similar properties was found by Rasmussen [Ras10] using Khovanov
homology [Kho00]. For a link L ⊂ S3, the Khovanov homology is a
link invariant Kh(L), defined as the cohomology of a bigraded chain
complex (CKh(DL), d) associated to a diagram DL of the link. The
invariant s(K) comes from Lee’s deformation [Lee05] of the Khovanov
differential and the resulting spectral sequence. The invariants s(K)
and 2τ(K) share a number of properties, given in the next proposition,
and coincide for many small knots but are known to differ in general
[HO08].
Proposition 3.1 ([OS03, Ras10]). The maps τ : C → Z and s : C → Z
are surjective homomorphisms on the knot concordance group C. They
satisfy the following properties:
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(1) The absolute values of τ(K) and s(K)
2
give lower bounds on the
slice genus g4(K),
|τ(K)| ≤ g4(K), |s(K)| ≤ 2g4(K).
(2) If β is a positive n-braid of length k whose closure βˆ is a knot,
then s(βˆ) = 2τ(βˆ) = k−n+1. In particular, for the (p, q)-torus
knot Tp,q, p, q ≥ 1, we have
s(Tp,q) = 2τ(Tp,q) = (p− 1)(q − 1) = 2g(Tp,q).
(3) τ(−K) = −τ(K) and s(−K) = −s(K) where −K denotes the
concordance inverse of K. (In fact this follows directly from the
fact that τ and s
2
are homomorphisms.)
(4) Let K+ be a knot, and K− the new knot obtained by changing
one positive crossing in K+ to a negative crossing. Then
τ(K+)− 1 ≤ τ(K−) ≤ τ(K+)
and
s(K+)− 2 ≤ s(K−) ≤ s(K+).
Remark 3.2. It is worth remarking that any concordance homomor-
phism satisfying (1)-(3) will also satisfy a crossing change formula
analogous to the one given in (4). Specifically, the argument given
in Corollary 3 of [Liv04] uses only the formal properties (1)-(3).
The bound on the slice genus is shown to be sharp for the classes of
positive, quasipositive, and strongly quasipositive knots, [OS03, Pla04],
[Liv04]. In general, we have the following estimate for τ and s:
Lemma 3.3. Let β be an n-braid with k positive crossings and `
negative crossings. If the closure of β is a knot βˆ then
1
2
(k − `− n+ 1) ≤ τ(βˆ) ≤ 1
2
(k − `+ n− 1)
and
k − `− n+ 1 ≤ s(βˆ) ≤ k − `+ n− 1.
Proof. Let β+ denote the braid obtained from β by changing all of the
negative crossings to positive and β− the braid obtained by changing
all of the positive crossings to negative. Then by part (3) of Proposi-
tion 3.1, we have τ(βˆ+) − ` ≤ τ(βˆ) and τ(βˆ) ≤ τ(βˆ−) + k. Now parts
(2) and (4) imply that
τ(βˆ+) =
1
2
(k + `− n+ 1)
since βˆ+ is a positive braid, and
τ(βˆ−) = −1
2
(k + `− n+ 1)
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since βˆ− = −βˆ+.
Putting this information together, we see that
1
2
(k − `− n+ 1) = τ(βˆ+)− ` ≤ τ(βˆ) ≤ τ(βˆ−) + k = 1
2
(k − `+ n− 1).
Similarly, for s we have
s(βˆ+) = k + `− n+ 1
and
s(βˆ−) = −s(βˆ+) = −k − `+ n− 1.
The crossing change formula now gives the same inequality we had for
τ , except is it multiplied by the necessary factor of two,
s(βˆ+)− 2` ≤ s(βˆ) ≤ s(βˆ−) + 2k
Thus,
k − `− n+ 1 ≤ s(βˆ) ≤ k − `+ n− 1.

Remark 3.4. The lower bound for τ(βˆ) above appears in [Liv04, Corol-
lary 11]. The lower bound for s(β̂) appears in [Pla06, Proposition 4]
and [Shu07, Lemma 1.C]. Each of these bounds immediately implies
the slice-Bennequin inequality due to Rudolph. The upper bound for
s(β̂) above is no stronger than the bounds from [Lob11, Theorem 1.10]
and additionally can be obtained from [Mar19, Theorem 3.5].
The full knot Floer complex yields further concordance invariants,
such as ν+ [HW16]. We will discuss their connection to monodromies
as well. Since these invariants give lower bounds for the slice genus, we
can ask about their relation to the FDTC.
Using properties of τ and s, we can easily prove that if one starts
with a fixed knot and adds many full positive twists, then indeed the
genus, slice genus, τ and s invariants all grow. If ∆ is the Garside
element, the braid β∆2n is the concatenation of β with n positive full
twists. Note that BT (β∆2n) = BT (β) + n by Proposition 2.1. We
prove Proposition 1.1 from the Introduction:
Proposition 1.1. Let β ∈ Bm be a braid, and let Kn be the closure
of the braid β∆2n. When n becomes large, g3(Kn) and g4(Kn) grow
roughly as 1
2
nm2.
Proof. Notice that n full positive twists on m strands give an (m,nm)
torus link. The (m,nm − 1) torus knot is close enough (and is con-
nected); its 3-genus, slice genus, and the concordance invariant τ are
all equal to 1
2
(m−1)(nm−2). We can get the braid β∆2n by changing
a fixed (independent of n) number of crossings; each change of crossing
changes τ by at most 1, and since τ ≤ g4 ≤ g3, all these quantities can
only change by a constant, not affecting the asymptotics. 
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The above proposition tells us that the FTDC, the 3-genus, and the
slice genus have similar asymptotics when we add more and more full
twists to a given braid, but unlike Ito’s bound, it gives no information
about the relation between the FTDC and genus of the original braid,
before the twists are added. Note that Ito’s bound is weaker if we add
a large number of positive twists to a fixed braid: it only says that the
genus will grow as 1
4
nm.
Adding a single full twist to a braid increases the FDTC by one. A
natural question to ask is whether this move also necessarily changes
the slice genus, or whether it changes the concordance class of the knot.
Certainly the above proposition shows that this is true asymptotically,
but we show in the following proposition that Theorem 1.6 of Sato’s
work in [Sat18] implies that this is also true for any fixed number of
full twists for braids with three or more strands.
Proposition 1.2. Let β ∈ Bm be a braid, m ≥ 3, and βk = β∆2k,
k ∈ Z, k > 0. Then all braid closures β̂, β̂k, k > 0 lie in pairwise
distinct concordance classes.
Proof. Hom and Wu in [HW16] define a refinement of the τ -invariant
called ν+ arising from the knot Floer complex. This invariant is a knot
concordance invariant. In Proposition 1.5 of [Sat18], Sato defines a
partial order <ν+ on the concordance group mod ν
+-equivalence. Let
β1 be the braid obtained by adding a single positive full-twist to β,
that is, β1 = β∆
2. Theorem 1.6 (2) of [Sat18] implies that [β̂] <ν+ [β̂1].
In particular, β̂ and β̂1 are not concordant. As we add more full twists,
we see that [β̂] <ν+ [β̂1] <ν+ [β̂2] <ν+ · · · <ν+ [β̂k]. So all of these
knots live in different ν+-equivalence classes and none of them can be
concordant to each other. 
We note that for braids with two strands, Proposition 1.2 is false, as
the braids σ−11 and σ1 differ from each other by a single full twist in B2
but both close to the unknot.
We prove Proposition 1.8 from the Introduction. The argument is
based on the formal properties shared by τ and s.
Proposition 1.8. Let β = (∆2)kσ−11 σ
−(6k−1)
2 in B3. Then βˆ is a knot,
BT (β) ≥ k − 1, |τ(βˆ)| ≤ 1 and |s(βˆ)| ≤ 2.
Proof. Observe that if ∆2β′ is any braid with βˆ′ a knot then ∆̂2β′ is
also a knot. Now one can check that β′ = σ−11 σ
−(6k−1)
2 is a knot.
Lemma 3.3 implies
−1 = 1
2
(6k− (6k− 1)− 1− 2) ≤ τ(βˆ) ≤ 1
2
(6k− (6k− 1)− 1 + 2) = 1.
Thus |τ(βˆ)| ≤ 1. Similarly Lemma 3.3 implies that |s(βˆ)| ≤ 2. To
show that FDTC(β) ≥ k − 1, first note that using braid relations we
14 D.H., K.K., F.C.K., G.M., O.P., K.R., L.T., AND H.T.
can rewrite
β = (∆2)k−1σ1σ2σ21σ
−6k+2
2
For brevity let us write σ1σ2σ
2
1σ
−6k+2
2 = α. Note also that by property
(c) of Proposition 2.1, FDTC(β) = k − 1 + FDTC(α). Finally, by
Proposition 2.2, BT (α) ≥ 0 since it contains copies of σ1 but no copies
of σ−11 . 
Thus any bound relating the fractional Dehn twist coefficient BT (β)
and the slice genus will have to resort to different proof methods than
directly using the τ or the s-invariant.
4. Quasipositive braids and the FDTC bounds
A naive question would be to ask whether Theorem 2.8 holds as
stated if we replace the three-genus by the slice genus. For instance,
slice genus and three-genus are equal for closures of positive braids
[KM94], and so the slice genus version of Theorem 2.8 immediately
holds for positive braid closures. The next natural class of braids to
consider are quasipositive braids: braids that can be written as a prod-
uct of conjugates of the positive Artin generators. For quasipositive
braids, we will prove the Ito-like bound stated in Theorem 1.5. In this
section we assume the braid index n ≥ 3.
Definition 4.1. We say that an n-braid β ∈ Bn is quasipositive if it is
represented by a braid word of the form
(w1σi1w
−1
1 ) (w2σi2w
−1
2 ) · · · (wmσimw−1m )
where σi1 , . . . , σim ∈ {σ1, . . . , σn−1} and wi are some braid words in
{σ±1 , . . . , σ±n−1}. We say that the braid word has quasi-positive-length
(qp-length) m.
Let us identify Dn with the unit disk in R2 equipped with (x, y)
coordinates. Place n punctures on the y-axis and call them p1, . . . , pn
so that the y-coordinate of pi is less than that of pi+1 (see Figure 1).
Let ρi be the subarc of the y-axis joining pi and pi+1.
The braid groupBn is isomorphic to the mapping class groupMCG(Dn).
With this isomorphism φ : Bn → MCG(Dn), a braid word w ∈ Bn
is identified with the mapping class φ(w) denoted by φw = φ(w) ∈
MCG(Dn). Let
γwσiw−1 = φw(ρi)
be a properly embedded arc in Dn that joins two distinct points of
p1, . . . , pn. Then the braid word wσiw
−1 ∈ Bn is identified with the
positive half twist along the arc γ := γwσiw−1 , which is denoted by
Hγ ∈MCG(Dn),
Hγ = Hγwσiw−1
= φ(wσiw
−1).
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Figure 1. Punctured disk Dn. Arcs a, point p• and
γ1 := ρ1 are used in the proof of Proposition 4.7.
For more on this construction, see for instance [EVHM15] Example 3.5
or [Hay17] Lemma 2.4.
Proposition 4.2. Let β be a quasipositive n-braid. Let m ≥ 1. The
braid β has qp-length m if and only if there exist properly embedded
arcs γ1, . . . , γm joining the punctures in Dn as above, such that φβ =
Hγm ◦ · · · ◦Hγ1 .
With Proposition 4.2 we may identify the braid β ∈ Bn and the
mapping class φβ = Hγm ◦ · · · ◦Hγ1 ∈MCG(Dn) and we have
BT (β) = FT (Hγm ◦ · · · ◦Hγ1).
Here, we recall a useful lemma. The lemma applies for the FDTC
with respect to any fixed boundary component C of a surface S (S may
have one or several boundary components).
Lemma 4.3 ([IK17]). Let φ ∈MCG(S). Fix a boundary component
C of the surface S and let FT (φ) stand for the FTDC with respect to
C. Let TC denote the positive Dehn twist about C.
If there exists an essential arc γ ⊂ S that starts on C and satisfies
TmC (γ)  φ(γ)  TMC (γ) for some m,M ∈ Z then
m ≤ FT (φ) ≤M.
In the above lemma, the symbol ≺ represents an ordering on the
set of properly embedded arcs, see [IK19, Definition 3.2]. We write
α ≺ β if arcs α and β start at the same boundary point, realize the
geometric intersection number, and β lies on the right side of α in a
small neighborhood of the starting point. (The notion “β to the right
of α” was already discussed in Section 2.2. Here, we write  to allow
for the case α = β.)
Lemma 4.4. Let the braid index n ≥ 3. Let m ≥ 1. Let γ1, . . . , γm
be properly embedded arcs in Dn connecting two distinct punctures.
16 D.H., K.K., F.C.K., G.M., O.P., K.R., L.T., AND H.T.
Then we have FT (Hγ1) = 0 and
0 ≤ FT (Hγm ◦ · · · ◦Hγ1) ≤ m− 1.
Proof. Since n ≥ 3 there exists some essential arc that is fixed by the
half twist Hγ1 . By Lemma 4.3 this means that FT (Hγ1) = 0. (Note
that if n = 2 then FT (Hγ1) =
1
2
.) By the quasimorphism property
of the FDTC in Proposition 2.1 and induction on m, we obtain 0 ≤
FT (Hγm ◦ · · · ◦Hγ1) ≤ m− 1. 
Let K be a link in S3 = ∂B4. Let χ4(K) denote the maximal Euler
characteristic of an oriented surface that is smoothly embedded in the
4-ball B4 and bounded by K.
Lemma 4.5 ([Rud93]). Assume that β ∈ Bn is a quasipositive braid
of qp-length m. Then χ4(βˆ) = n−m.
With the above two lemmas, we prove the following theorem.
Theorem 4.6 (cf. Theorem 1.5). Let β ∈ Bn be a quasipositive n-braid
of qp-length m. Then
BT (β) ≤ m− 1 = n− χ4(βˆ)− 1.
In particular, when the braid closure βˆ is a knot then
BT (β) ≤ 2g4(βˆ) + (n− 2).
Proof. By Lemma 4.4, we have BT (β) ≤ m − 1. By Lemma 4.5, we
have m− 1 = n− χ4(βˆ)− 1. 
The next proposition shows that the upper bound of m−1 for BT (β)
is the best possible, as it guarantees the existence of a quasipositive
braid β of quasi-positive length m with BT = m− 1.
Proposition 4.7. For every m = 2, 3, 4, · · · there exist properly em-
bedded arcs γ1, · · · , γm in Dn joining distinct puncture points such
that
FT (Hγm ◦ · · · ◦Hγ1) = m− 1.
In the proof of Proposition 4.7 we use oriented train tracks. A train
track is a graph. The edges are oriented and weighted. Each vertex has
valence 3 or 4 where incoming edges and outgoing edges tangentially
meet. As shown in the left picture in Figure 2, at the vertex two
outgoing edges (with weights b and c) are tangent to the incoming edge
(with weight a) and the weights satisfy the equation a = b + c. (The
same rule applies for a valence 4 vertex.) Replacing each edge of weight
a with a parallel edges we obtain arcs. The right picture of Figure 2
shows arcs carried by the train track with weights a = 6, b = 4 and
c = 2. Orientations of the edges in the train track induce orientations
of the carried arcs.
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Proof of Proposition 4.7. Let p1, · · · , pn be the punctures of the disk
Dn. Let C = ∂Dn denote the boundary of the disk. Let a be an arc
connecting p1 to C as in Figure 1. Let γ1 := ρ1, the line segment of
the y-axis joining p1 and p2. We orient γ1 upward (from p1 to p2).
To define a sequence of arcs {γm|m = 2, 3, · · · } we use two oriented
train track templates T1st(m) and T2nd(m) depicted in Figure 3.
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Figure 3. Train tracks T1st(m) and T2nd(m) for γm, and
a train track carrying the arc Hγm ◦ · · · ◦Hγ1(a).
In the train track T1st(m), the orientation of edges near punctures are
all outward. The bottom edge has weight 1 and ends at a point p• on
the y-axis between p0 and p1. Labels jm ∈ N and αm,0, αm,1,. . . ,αm,2n−5
∈ {0, 1} denote the weights of the edges. The edges αm,i are labeled
clockwise and αm,0 starts from the puncture p3. (The same rule applies
for the edges βm,i mentioned below.) For simplicity, the subscript m
will be omitted in the following and αi = αm,i. We require only one
of α0,. . . ,α2n−5 is 1 and the rest of them are all 0. The weights of the
unlabeled edges can be easily computed.
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The edges of T2nd(m) are oriented and at each puncture the orienta-
tion points into the puncture. The weights β0, · · · , β2n−5 are either 0
or 1 and only one of them is 1. The starting point of the bottom edge
is p•.
Let m = 2. The arc γ2 is defined to be an arc carried by the train
track T1st(2) first, and then T2nd(2), where j2 = 1 and α1 = β2 = 1.
We see that γ2 starts at p2 and ends at p3 as in Figure 4. The image
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Figure 4. (m = 2). The arcs γ2 and Hγ2 ◦Hγ1(a) and
their train tracks.
of the arc a under the diffeomorphism Hγ2 ◦Hγ1(a) is depicted in the
bottom right picture in Figure 4, which shows that
TC(a) ≺ Hγ2 ◦Hγ1(a),
thus
FT (Hγ2 ◦Hγ1) ≥ 1.
For a general m, suppose that m− 1 = k(2n− 4) + r where k ∈ Z≥0
and r ∈ {0, 1, . . . , 2n−5} the remainder. The arc γm is defined to be an
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arc that is carried by T1st(m) first and then T2nd(m) with αr = βr+1 = 1
(here, the subscript r + 1 is considered modulo 2n− 4) and
jm =
⌈
m− 1
2n− 4
⌉
(= k or k + 1).
For example, when m = 3 the arcs γ3 and Hγ3 ◦ Hγ2 ◦ Hγ1(a) are
illustrated in Figure 5.
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Figure 5. (m = 3). Arcs γ3 and Hγ3 ◦Hγ2 ◦Hγ1(a) and
their train tracks.
See Figure 3 again. We observe two things: (1) Since αr = βr+1 = 1
the templates T1st(m+1) and T2nd(m) are exactly the same except that
they are oppositely oriented and T1st(m+ 1) goes to the left side of p1
whereas T2nd(m) goes to the right side of p1. (2) Observe that T2nd(m)
is embedded in Hγm ◦ · · · ◦Hγ1(a).
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With these observations in mind, applying the half-twist Hγm+1 to
the arc Hγm ◦ · · · ◦ Hγ1(a), the embedded part T2nd(m) is erased by
T1st(m+1) (which is the 1st part of γm+1) and then T2nd(m+1) (which
is the 2nd part of γm+1) overwrites the erased part of Hγm ◦· · ·◦Hγ1(a).
The resulting arc is exactly Hγm+1 ◦ · · · ◦Hγ1(a).
Therefore, by induction on m we see that the image Hγm ◦· · ·◦Hγ1(a)
is carried by the train track in the right sketch in Figure 3.
The outer circle in the right picture in Figure 3 is weighted m − 1,
which means that
Tm−1C (a) ≺ Hγm ◦ · · · ◦Hγ1(a).
By Theorem 4.6 and Lemma 4.3 we obtain FT (Hγm ◦ · · · ◦ Hγ1) =
m− 1. 
Corollary 4.8. There exist slice knots represented by quasipositive
n-braids with BT = n− 2.
Proof. For m = n − 1, the construction of Proposition 4.7 produces a
quasipositive braid β with BT = n−2. If we show that β is connected,
then we get a slice knot, since by Lemma 4.5 we have χ4(β) = 1. To
see connectedness, observe that the monodromy of β is the product of
positive half-twists about the arcs γ1, γ2, . . . γn−1 constructed in Propo-
sition 4.7. The arc γk connects the k-th puncture to the (k + 1)-st
puncture, so the corresponding half-twist acts on the set of punctures
by a transposition interchanging the k-th and (k + 1)-st punctures.
It follows that the composition of the half-twists about γ1, γ2, . . . γn−1
gives a cyclic permutation of all the punctures: n 7→ n− 1, . . . , 3 7→ 2,
2 7→ 1, 1 7→ n. So the resulting braid is connected. 
In general, knots and links can be represented by a braid word of the
form
(4.1) (w1σi1w
−1
1 )
1 (w2σi2w
−1
2 )
2 · · · (wmσimw−1m )m
where the exponents 1, . . . , m ∈ {1,−1}. When j = 1 the word
wjσijw
−1
j is called a positive syllable and when j = −1 the word
(wjσijw
−1
j )
−1 is called a negative syllable. Let p+ ≥ 0 be the number
of positive syllables and p− ≥ 0 be the number of negative syllables in
the above braid representative (4.1). Thus p+ + p− = m. Note that
when p+ = m and p− = 0 the braid is quasipositive. Theorem 4.6 has
another corollary.
Corollary 4.9. Let β ∈ Bn be the closure of an n-braid
(w1σi1w
−1
1 )
1 (w2σi2w
−1
2 )
2 · · · (wmσimw−1m )m
that does not admit destabilizations and satisfies χ4(β) = n−m. Let
p+ (resp. p−) be the number of positive (resp. negative) syllables.
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Then the FDTC of β has the following upper and lower bounds:
min{−p− + 1, 0} ≤ BT (β) ≤ max{p+ − 1, 0}
Proof. Given a braid word (w1σi1w
−1
1 )
1 (w2σi2w
−1
2 )
2 · · · (wmσimw−1m )m
we define a quasipositive braid word as follows. For j = 1, . . . ,m let
δj =
{
1 if j = 1,
0 if j = −1.
Let
βP = (w1σi1w
−1
1 )
δ1 (w2σi2w
−1
2 )
δ2 · · · (wmσimw−1m )δm .
Note that βP is a quasipositive (possibly trivial) braid of qp-length p+.
For every properly embedded arc γ in the n-punctured disk Dn the
images under β and βP satisfy
β(γ)  βP (γ)
thus, by Theorem 4.6 BT (β) ≤ BT (βP ) ≤ max{p+ − 1, 0}.
The lower bound can be obtained similarly. 
Even though Proposition 4.7 claims sharpness, the estimates of the
FDTC in both Theorem 4.6 and Corollary 4.9 are in general very rough
for most braids as the next Proposition 4.10 implies.
Proposition 4.10. Let β ∈ Bn. If βˆ admits a positive (resp. negative)
braid destabilization then 0 ≤ BT (β) ≤ 1 (resp. −1 ≤ BT (β) ≤ 0).
Proof. Let βˆ be a closed n-braid that admits a positive destabilization.
Since the FDTC is invariant under conjugation, we may assume that
β is represented by a braid word wσn−1 where w ∈ Bn−1. Define arcs δ
and γn−1 as in Figure 6. We may identify the braids σn−1 and w with
the mapping classes Hγn−1 and φw ∈ MCG(Dn). Since w ∈ Bn−1 we
get φw(δ) = δ. By Lemma 4.3 we get BT (φw) = 0. Likewise, we get
BT (Hγn−1) = 0 because we can find some properly embedded arc that
is fixed by the half twist Hγn−1 . By Proposition 2.1 we get |BT (β)| ≤ 1.
Since T 0C(δ) = δ ≺ φβ(δ) = Hγn−1(δ), Lemma 4.3 implies that 0 ≤
BT (β). Thus we get 0 ≤ BT (β) ≤ 1. 
Figure 6
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5. An interesting example
The examples in the last section show that the statement of Ito’s
Theorem 2.8 does not hold when we replace the genus with the slice
genus, since Corollary 4.8 produces slice knots that are the closures of
n-braids with BT equal to n − 2. In this section we give additional
examples, fundamentally different from those in Corollary 4.8, that
also show that Theorem 2.8 does not hold for the slice genus. Notice
that for quasipositive 3-braids β whose closures are slice, Theorem 4.6
implies that |BT (β)| ≤ 1. In Proposition 5.1, we produce examples of
3-braids that have arbitrarily large |BT |:
Proposition 5.1. For each even m > 0, there exists a knot Km and its
3-braid representative βm such that g4(Km) ≤ m/2 + 1 while [βm]D =
m.
Figure 7. Km,k is the closure of the braid β =
(σ2σ1)
3m+1σ−2k2
We now describe the examples necessary to prove Proposition 5.1.
Consider the braid word β = (σ2σ1)
3m+1σ−2k2 and let Km,k = βˆ, see Fig-
ure 7. Note that using the braid relations we can write β = ∆2mσ2σ1σ
−2k
2
where ∆ = σ1σ2σ1 is the Garside element for braids of 3 strands.
Proposition 5.2. Let β = (σ2σ1)
3m+1σ−2k2 . Then we have [β]D = m.
Proof. To show this, it is enough to show that ∆2m ≤D β <D ∆2m+2.
To check that β <D ∆
2m+2 we must show that β−1∆2m+2 is σi−positive
for i = 1 or 2. Simplifying, we have
BRAIDS, FIBERED KNOTS, AND CONCORDANCE QUESTIONS 23
Figure 8. Km,k after two band moves have been per-
formed, with a decomposing sphere
β−1∆2m+2 = σ2k2 σ
−1
1 σ
−1
2 ∆
−2m∆2m+2
= σ2k2 σ
−1
1 σ
−1
2 ∆
2
= σ2k2 σ
−1
1 σ
−1
2 (σ2σ1)
3
= σ2k2 (σ2σ1)
2,
which is in fact a σ1-positive word. On the other hand
(∆2m)−1β = ∆−2m∆2mσ2σ1σ−2k2
= σ2σ1σ
−2k
2 ,
which is also a σ1-positive word. The proposition follows. 
We are now ready to prove Proposition 5.1.
Proof. (of Proposition 5.1) For any knot in the family Km,k there is a
sequence of two band moves on K that yields the connected sum of
torus knots K ′ = T3,3m+1#− T2,2k+1, see Figure 8.
By [Fel16, Corollary 3], we have
g4(K
′) = max{|τ(T3,3m+1)− τ(T2,2k+1)|, |v(T3,3m+1)− v(T2,2k+1)|}
where v(K) := ΥK(1) is the Upsilon invariant evaluated at t = 1.
The values of τ and v can be explicitly calculated for some torus
knots. Let p and q be positive integers, then by [OS03]
τ(Tp,q) =
(p− 1)(q − 1)
2
.
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For v we have that
v(T2,2k+1) = −k and v(T3,3m+1) = −2m
as computed by Feller [Fel16].
Now for each even integer m, let Km denote the closure of the braid
βm = (σ2σ1)
3m+1σ−5m2 . Let K
′
m = T3,3m+1#−T2,5m+1 which is obtained
from Km from the two band moves illustrated in Figure 8. Then
|τ(T3,3m+1)− τ(T2,5m+1)| = |3m− 5m/2| = m/2
and
|v(T3,3m+1)− v(T2,5m+1)| = | − 2m+ 5m/2| = m/2.
Thus, g4(K
′
m) = m/2. Since Km and K
′
m are related by two band
moves, g4(Km) and g4(K
′
m) differ by at most 1 and we obtain g4(Km) ≤
m/2 + 1. Together with Proposition 5.2, this concludes the proof. 
6. Potential bounds on slice genus from the braid
perspective
It is possible that the examples in Proposition 4.7 and Proposition 5.1
represent a worst-case scenario. Inspired by these examples and Theo-
rem 1.5, in this section we further probe the following question.
Question 1.6. For any n-strand β representing a knot K, is it always
true that
|BT (β)| ≤ 2g4(K) + n− 2?
If not, is there a bound of the order
|BT (β)| ≤ C(n)g4(K) +D(n),
where C(n), D(n) are constant for each fixed n?
Equivalently, similar questions can be asked about the Dehornoy’s
floor [β]D, since [β]D and the fractional Dehn twist coefficient BT (β)
are related by (2.1).
One of the crucial observations necessary for the examples in Propo-
sition 5.1 is that there exist cobordisms of controlled genus between
stacked braids and connected sums of closed braids. We observe here
that with a positive answer to Question 1.6 (or any similar bounds),
this could produce an application: one could find bounds on the slice
genus of connected sums of large torus knots. The slice genus of sums
and differences of torus knots has been studied in several papers, see
for instance [Fel16, LVC18, AA19, Liv18, All19].
In addition to the quasipositive braids studied in Section 4, we are
able to answer Question 1.6 for certain slice knots. In fact, under some
additional hypotheses, slice knots satisfy stronger bounds. First, note
that if β closes to the unknot, then |BT (β)| ≤ 1 by Theorem 2.8. (It is
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easy to find examples showing that even for the unknot, BT does not
have to be zero.)
Further, recall that taking the connected sum of a knot and its mirror
is a useful method for constructing slice knots: for any K, K#−K is
a slice knot.
Proposition 6.1 (Follows directly from [Mal04]). Choose an arbitrary
oriented knot K in S3. For any braid β that closes to βˆ = K# −K,
we have that |BT (β)| ≤ 1.
Proof. Theorem 15.3 of [Mal04] states that for any braid α such that
|BT (α)| > 1 and αˆ is a knot, αˆ is prime - that is, it cannot be ex-
pressed as a connected sum. The proposition directly follows by the
contrapositive. 
We provide evidence for a positive answer to Question 1.6 for special
classes of three-braids in Theorem 1.7.
Theorem 1.7. Let K be a knot that can be represented as the closure
of a braid in B3. Suppose further that K is slice, or more generally,
that K has a finite order in the concordance group. Then any 3-braid
representative β of K satisfies |BT (β)| ≤ 1.
A powerful tool at our disposal is a classification up to conjugation
due to Murasugi. Before proving the theorem, we state the classifica-
tion of 3-braids and note some properties of slice 3-braids.
Theorem 6.2 ([Mur74]). Let w be a braid word in B3. Then w is
conjugate to one of the following:
(1) ∆2dσ1σ
−a1
2 · · ·σ1σ−an2 , where the ai ≥ 0 with at least one ai 6= 0
(2) ∆2dσm2 for m ∈ Z
(3) ∆2dσm1 σ
−1
2 where m ∈ {−1,−2,−3}.
We will say a braid word in B3 is in Murasugi normal form if it
takes one of the above three forms. Baldwin classifies which closures
of 3-braids are quasi-alternating in the following theorem.
Theorem 6.3 (Theorem 8.6 in [Bal08]). Suppose L is link with braid
index at most 3 and is the closure of a braid β represented by w ∈ B3
which is in Murasugi normal form. Then L is quasi-alternating if and
only if one of the the following holds:
(1) w is in the first class and d ∈ {−1, 0, 1};
(2) w is in the second class and either d = 1 and m ∈ {−1,−2,−3}
or d = −1 and m ∈ {1, 2, 3};
(3) w is in the third class and d ∈ {0, 1}.
Baldwin also obtains a result on 3-braids with finite concordance
order.
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Proposition 6.4 (Proposition 1.6 in [Bal08]). If K is a knot with braid
index at most 3 and K has finite concordance order, then K can be
represented as the closure of a braid of the form ∆2dσ1σ
−a1
2 · · ·σ1σ−an2
where the ai ≥ 0 with at least one aj 6= 0, d ∈ {−1, 0, 1}, and the ai
satisfy some further conditions.
This implies the following immediate corollary.
Corollary 6.5. A knot K with braid index at most 3 which has finite
concordance order is quasi-alternating.
Proposition 6.6. Let w ∈ B3 be a braid word in Murasugi normal
form. Then
(1) BT (w) = d if w is in class (1).
(2) BT (w) = d if w is in class (2).
(3) BT (w) = d− 1/3, BT (w) = d− 1/2 or BT (w) = d− 2/3 if m
is −1, −2 or −3 respectively, and w is in class (3).
Proof. If w is in class (1) then BT (w) = d + BT (σ1σ
−a1
2 · · ·σ1σ−an2 ).
If w is in class (2) then BT (w) = d + BT (σm2 ) = d. It follows from
Proposition 2.2 that the second summand in each case is zero, so we
obtain that BT (β) = BT (w) = d for w in class (1) or (2).
If w is in class (3), then BT (w) = d+BT (σm1 σ
−1
2 ). Now BT (σ
m
1 σ
−1
2 )
is not zero. There are three cases to consider since m ∈ {−1,−2,−3}.
We compute the following using the Artin relations, and properties of
the FDTC enumerated in Proposition 2.1.
(a) BT (σ−11 σ
−1
2 ) = (1/3)BT ((σ
−1
1 σ
−1
2 )
3) = (1/3)BT (∆−2) = −1/3
(b) BT (σ−21 σ
−1
2 ) = (1/2)BT ((σ
−2
1 σ
−1
2 )
2) = (1/2)BT (∆−2) = −1/2
(c) BT (σ−31 σ
−1
2 ) = (1/3)BT ((σ
−3
1 σ
−1
2 )
3) = (1/3)BT (∆−4) = −2/3
Thus for w in class (3) we have that BT (w) = d − 1/3, BT (w) =
d− 1/2 or BT (w) = d− 2/3 if m is −1, −2 or −3 respectively. 
Proof of Theorem 1.7. Corollary 6.5 shows that β closes to a quasi-
alternating knot. We know that β is conjugate to a braid word w in
one of the three classes of Theorem 6.2. To close to a quasi-alternating
knot, w must satisfy the conditions on d in Theorem 6.3.
If w is in class (1) or (2) this means that −1 ≤ BT (w) ≤ 1 by
Proposition 6.6. If w is in class (3) then −2/3 ≤ BT (w) ≤ 1. The
theorem follows from the fact that BT is a conjugacy invariant. 
We conclude the section with some computational evidence toward
an affirmative answer to the first bound given in Question 1.6. We use
the Hedden-Mark bound of Corollary 2.6. The quantity dimF ĤF (Σ(K))
can be obtained from computations done in [Zha13]. We set aside slice
knots with 3-braids representatives, as for these Question 1.6 is al-
ready answered by Theorem 1.7. For all other knots with 12 crossings
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or fewer, we calculate that the inequality
(6.1) | dimF ĤF (Σ(K))−H1(Σ(K))|+ 2 ≤ 2g4(K) + n− 2.
holds with 120 exceptions. As before, n stands for the braid index.
This means that the bound |BT (β)| ≤ 2g4(K) + n − 2 is valid for
odd-strand braid representatives all but possibly 120 knots with 12
crossings or fewer, ie for at least 96% of such knots. (According to
KnotInfo, there are 2,977 knots with 12 crossings or fewer.)
Similarly, we can check that odd-strand braid representatives of
all but 5 quasipositive knots of 12 crossings or fewer satisfy inequal-
ity (6.1), and thus they satisfy the first inequality in Question 1.6.
(For these knots, this experimental statement is stronger than Theo-
rem 4.6, as it also applies to non-quasipositive braid representatives of
quasipositive knots.)
7. Fibered knots and knot Floer stable equivalence
In Sections 7 and 8, we collect some observations about the relation-
ship between the fractional Dehn twist coefficient of fibered knots and
their topological properties.
We say that two knots are knot Floer stably equivalent if their knot
Floer complexes are isomorphic after possibly adding acyclic sum-
mands. Hom [Hom17] shows that if two knots in S3 are concordant,
then they are knot Floer stably equivalent. Moreover, if two knots
are knot Floer stably equivalent, then many invariants derived from
knot Floer homology will coincide for the two knots. For example,
the Ozsva´th-Stipsicz-Szabo´ concordance invariant ΥK(t) [OSS17] will
satisfy ΥK1(t) = ΥK2(t) if K1 and K2 are stably equivalent.
He, Hubbard, and Truong showed in [HHT19] that the ΥK(t) invari-
ant can detect right-veeringness. More precisely:
Theorem 7.1 ([HHT19, Theorem 1.3]). Suppose K is a fibered knot
in S3. Then associated to K is an open book decomposition (Σ, φ) of
S3. If Υ′K(t) = −g for some t ∈ [0, 1), where g is the genus of the
fibered surface Σ, then φ : Σ→ Σ is right-veering.
We note that Theorem 1.3 in [HHT19] is slightly more general, as it
is stated for null-homologous knots in rational homology three-spheres.
Due to this theorem we are motivated to ask whether the knot Floer sta-
ble equivalence class of a fibered knot also can detect right-veeringness.
However, it is easy to see that the answer is no.
Lemma 7.2. The right-veering property and the FDTC are not in-
variants of knot Floer stable equivalence of a fibered knot.
Proof. Let K be the (2, 1)-cable of the figure-eight knot, which has
positive FDTC by [KR13] so it is right veering. Since K#P# − P is
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Figure 9. Figures from [LM20] showing curves whose
Dehn twists are generators of the mapping class group of
a fiber surface of genus two and three with one puncture.
concordant to K for any fibered knot P , the connected sum K#P#−P
is stably equivalent to K. The monodromy of K#P#−P sends some
arcs to the right and some to the left. Thus, K#P#− P is not right-
veering, and the fractional Dehn twist coefficient of K#P#−P is zero.
(See Proposition 2.2 and the discussion that follows it.) 
In the next section, we will study the fractional Dehn twist coefficient
of a special class of fibered knots.
8. Fractional Dehn twist coefficient of fibered slice
knots
Many simple examples of fibered slice knots have monodromies with
the fractional Dehn twist coefficient zero. For example, given any
fibered knot K, the slice knot K# −m(K) has the FDTC zero. One
way to see this is that we can assume there is some arc that the mon-
odromy of K sends to the right, then the corresponding arc is sent to
the left by the monodromy for −m(K) and so K#−m(K) sends arcs
to both the right and the left.
There are many more examples of fibered slice knots with fractional
Dehn twist coefficient zero. For instance, the knot 820 is slice and
fibered, and has monodromy with fractional Dehn twist coefficient zero
[KR13, Example 2.8]. Figure 10 gives several more examples of fibered
slice knots with vanishing fractional Dehn twist coefficient FT = 0.
Despite the numerous examples of fibered slice knots with vanishing
fractional Dehn twist coefficient, the next proposition shows there exist
many non-vanishing examples.
Proposition 8.1. For every integer |p| ≥ 2, there exist fibered, slice
knots with fractional Dehn twist coefficient 1
p
.
Proof. Our examples are (p, 1)-cables of fibered, slice knots. Indeed,
any cable of a fibered knot K is well-known to be fibered. This follows
from [Sta78] or from explicitly building a fibration from the fibration of
the companion knot K and the fibration of the pattern torus knot. If
K and K ′ are concordant, then their (p, q)-cables are also concordant
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(a) The monodromy φ
for 89 is abcDEF
(b) The monodromy φ
for 927 is abCDEf .
(c) The monodromy φ
for 10137 is abCdF .
(d) The monodromy φ
for 10140 is abbCDf .
(e) The monodromy φ
for 11a96 is aBcDEf .
Figure 10. Fibered slice knots with vanishing frac-
tional Dehn twist coefficient. Each figure shows a pair
of arcs x (in red) and y (in blue) such that φ(x) (in or-
ange) is to the right of x and φ(y) (in purple) is to the
left of y. The monodromies are presented using the con-
ventions of Knot Info [LM20]; see Figure 9. A lowercase
letter means a right-handed Dehn twist and an upper-
case letter means a left-handed Dehn twist. A word is
read from right to left; thus, aB means first perform a
left-handed twist around b then perform a right-handed
twist around a.
(see, for example, [HPC18]). Thus, if K is a slice knot, then the (p, 1)-
cable of K is also slice. The fractional Dehn twist coefficient of the
(p, 1)-cable of K is 1/p 6= 0 by [KR13, Proposition 4.2]. 
The examples in Proposition 8.1 are cable knots and thus they cor-
respond to reducible monodromies. Restricting to fibered slice knots
with pseudo-Anosov monodromies leads to the following question.
Question 8.2. If K is a fibered slice knot with pseudo-Anosov mon-
odromy, then is the fractional Dehn twist coefficient zero?
Recall that a result of Gabai (see Theorem 2.3 stated in the Introduc-
tion) establishes a relation between the 3-genus of a fibered knot and
the FDTC of the fibration. A positive answer to Question 8.2 would
signify a connection between the fractional Dehn twist coefficient and
the 4-ball genus.
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